BLOCKS OF AFFINE QUANTUM SCHUR ALGEBRAS 

QIANG FU 

^^ ' Abstract. The afHne quantum Schur algebra is a certain important infinite dimensional al- 

f^ ' gebra whose representation theory is closely related to that of quantum affine gl^. Finite 

Cn . dimensional irreducible modules for the afiine quantum Schur algebra Si\{n, r)„ were classified 

^ , in [15], where w G C* is not a root of unity. We will classify blocks of the affine quantum Schur 

_^ I algebra SA(n, r)„ in this paper. 

(N 

H 

r~| ' The classical Schur algebra S{n, r) over an infinite field F is a finite dimensional algebra whose 

C^ ' module category is equivalent to the category of r-homogeneous polynomial representations of 

the general linear group GLn{F). The blocks of the Schur algebra S{n,r) were determined 
by Donkin in [17] from the blocks of GLn{F). The g'-Schur algebras are g-analogues of Schur 
^ \ algebras. When q = 1, these are the usual Schur algebras, and when q \s a, prime power, q- 

Schur algebras play an important role in the representation of finite general linear groups in the 



in 



^ 



1. Introduction 



r^ . nondescribing characteristic case (see |16j). It was proved by Cox [14] that the blocks of g-Schur 

• . algebras Sq{n,r) can be derived in the same way from the blocks of an appropriate quantum 

O ' general linear group. The g-Schur algebras and quantum gl^ are related by quantum Schur- Weyl 

reciprocity [291 IIBl ttH] (see also [21 [361 E ISS] for the cyclotomic Schur-Weyl reciprocity) . 

The affine quantum Schur algebra is the affine version of the g-Schur algebra and it has several 

^ I equivalent definitions (see [Ml [251 [311 [37]) . Unlike the g-Schur algebra, the affine quantum Schur 

algebra is an infinite dimensional algebra. Let Uv{glj^) be the quantized enveloping algebra of 
g[„ and let Si^{n,r)y be the affine quantum Schur algebra over C, where u S C* is not a root 
of unity. It was proved in [15, Th. 3.8.1] that there is a surjective algebra homomorphism 
Cr : f4(0^n) ~^ <SA{n,r)y (cf. [23l [M]). Every simple 5A(n, r)t,-module is inflated to a simple 
Uv{qIj^) -module via Cr- Furthermore each finite dimensional polynomial irreducible C/t,(0t„)- 
module can be regarded as an 3^(71, r)„-module via the map Cr for some r. Therefore, the 
representation theory of the affine quantum Schur algebras ^^(n, r)^ is closely related to that of 
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2 QIANG FU 

Finite dimensional irreducible modules for the quantum loop algebra [/^(g) were classified 
by Chari-Pressley in [9l [T0\ [TT] . where g is a complex finite dimensional simple Lie algebra. 
Furthermore the blocks of the category of finite dimensional f7t,(0)-modules of type 1 were 
classified in [201 E] ■ Finite dimensional irreducible modules for the affine quantum Schur algebra 
5A(n, r)„ were classified [151 Th. 4.6.8] in terms of Drinfeld polynomials. Since the category Tn,r 
of finite dimensional S/^,{n, r)^-modules is not semisimple, the problem of determining the blocks 
in the category J^n,r is very important. We will classify blocks of the category Tn,r in Theorem 
16.81 and Theorem 16.91 

It is well known that the blocks of extended affine Hecke algebras of type A are classified by 
central characters (see [331 Th. 7], [5] III. 9] and [321 Th. 2.15]). If n ^ r then the category 
J^n,r is equivalent to the category Cr of finite dimensional modules for the extended affine Hecke 
algebra Tii^ir)^ of type A (see pH Th. 4.2] and [13 Th. 4.1.3]). Thus by Theorem[6S]we obtain 
a different approach to the classification of blocks in the category Cr- 

We organize this paper as follows. We recall the definition of quantum affine qI„ and the 
affine quantum Schur algebra Si~,{n,r)y in §2. In §3, we will recall some results about [^(gl^) 
and S^{n,r)^. Let A = {^ G C(n) | f{u),g{u) G C[u], /(O) = ^(0) = 1} and let X(n) = A". In 
§4, we define the i-root lattice R(n) of C4(0[„) to be a certain subgroup of X(n), and construct a 
certain subset H„_r of X(n)/R(n). We will describe the set H„.r in Proposition 14. 21 and discuss the 
^-weights of polynomial irreducible C/^(0[„)-modules in Corollary 14.41 We will prove in Theorem 
16.81 that the set H^^j. is the index set of the blocks in the category of finite dimensional ^^(n, r)„- 
modules. In §5, we will introduce the Weyl modules for the affine quantum Schur algebra 
^^(n, r)„ and generalize Corollary 14.41 to the case of ^-highest weight modules. Blocks of the 
category of finite dimensional ^^(n, r)^,-modules will be classified in Theorem 16.81 and Theorem 
16.91 As an application, we will use Theorem 16.91 to give a classification of the blocks for the 
affine Hecke algebra 7i^{r)^ in Theorem 17.41 

2. Quantum affine 0(„ and affine quantum Schur algebras 

2.1. Let t; G C* be a complex number which is not a root of unity, where C* = C\{0}. Let 
(cjj) be the Cartan matrix of affine type An-i- 

We recall the Drinfeld's new realization of quantum affine q\^ as follows (cf. |21j). 

Definition 2.1. The quantum loop algebra C/u(0[„) (or quantum affine 0l„) is the C-algebra 
generated by x^ ^ (1 ^ i < n, s G Z), k^ and gj^t (1 ^ i ^ n, t G Z\{0}) with the following 
relations: 

(QLAl) kikri = 1 = kr^ki, [k„kj] = 0, 
(QLA2) kix±, = t;±(^-^-'^>.^+i)x±,k„ [k„gj-,] = 0, 



(QLA3) fe,s,x±] 



BLOCKS OF AFFINE QUANTUM SCHUR ALGEBRAS 

0, if i / J, j + 1; 



(QLA4) fe,s,gj,t] = 0, 

(QLA5) [x+,xTj = 5„-%^, 

(QLA6) xj^x^^j = x^^^xj^, for \i - j\ > 1, and [xj,+i,xjj„±c,, = -[xjt+i,xjj^±c,, , 

(QLA7) [xt,[x±,x±py, = -[x±p,[x±,x±y, for|i-j| = l, 

where [x, y]a = xy — ayx, [s]^ = ^^Z^-i and (j)^ ^ are defined via the generating functions in 
indeterminate u by 

<l>±(n) := kf exp(±(^ - ^"i) J^ h,±^n±-) = J^ 0±±,n±« 

with ki = k,k-^\ (k„+i = ki) and \±„, = t;±(^-^)™gi,±r„ - z;±(*+i)'"gi+i,±,r^ (1 ^ i < n). 

Let Uy{5ln) be the subalgebra of [/t,(gl„) generated by the elements x^^, k^ and hj^j for 
l^i^n — 1,sEZ and t € Z\{0}. For 1 ^ j < n, let -Ej = x^q and Fj = x~q and let 



F„ = t;-^k-^[---[[x+_i,x+], 



'^3,0J^' ■ ■ ■ '^n-l.oJ"- 



Then the algebra C/„(5[„) is also generated by the elements Ei, Fi and k^ for 1 ^ i ^ n (see 
m). For s ^ 1 let 

Z± = sv^'-—{gi^±s + ■■■+ gn,±s)- 

Then the elements z^ are central in C/t,(0[„) and the algebra Uy{gln) is generated by Ei, Fi, 
k^ and z^ for 1 ^ i ^ n and s ^ 1. Furthermore, the algebra Uv{gl^) is a Hopf algebra with 
comultiplication A : CZu(0[„) -^ ^^^(flln) '^ f^(s^n) defined by 

A{Ei) = Ei^'ki + l(^Ei, A{F,) = Fi^l + k"^ ® Fi, 
(2.1) 

A{kf) = kf k±\ A(z±) = z± 1 + 1 ® z±; 

where 1 ^ z ^ n and s G Z+ (see ^ 2.2] and [13 Cor. 2.3.5 and Prop. 4.4.1]). 

2.2. We now recall the definition of affine quantum Schur algebras (see [Ml ISSl EH [37] ) . Let 

Qy be the C-vector space with basis {uji | i G Z}. The algebra Uv^qI^) acts on ri„ by 

Ei-UJs = 5j^^-UJs_i, Fi-UJs = 5i^gOJs+l, ^f^ ■ UJs = V^^''^UJs, 
^t ' ^s = ^s-tm and Z^ • CJs = ^s+tri) 

where i denotes the corresponding integer modulo n. The tensor space Q-®^ is a left C/t,(g[„)- 
module via the coproduct A on [/^ (§[„). 
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The extended affine Hecke algebra T-lj^{r)y of type A is defined to be the C-algebra generated 
by 

and relations 

TiTi+iTi = Ti^iTiTi^i, TiTj = TjTi {\i — j\ > 1), 
XiX- = 1 = X- Xi, XiXj = XjXi, 
T.XiTi = v^X,+i, XjTi = TiXj (j ^i,i + l). 

Let I{n, r) = {(?i, . . . ,ir) ^ 'L''' \ 1 ^ i^^ ^ n^ VA;}. We denote the symmetric group on r letters 
by ©r- The symmetric group &r acts on the set I{n,r) by place permutation: 

iw = (i^(i), ■ ■ ■ ,iui(r))) for i G I{n,r) and w G 6r- 

For i = {ii, . . . ,ir) € Z*", write 

The algebra 'HiJ(r)y acts on il®^ on the right via 



"V • 



v^cji, if ifc = 4+1; 

i^i ■Tk= I vu}is^, if ifc < ik+i; for ah i G I{n, r), 

, vwis^ + (v^ - l)wi, if ifc+i < ik, 

cji • Xj"^ =uji^--- u}i^_-^ujit+n^it+i • • • Wir; for all i S Z'^; 

for all 1 ^ A; ^ r — 1 and 1 ^ t ^ r, where s^ := {k, k + 1) a &r (see [37]). The endomorphism 
algebra 

is called an afhne quantum Schur algebra. 

2.3. Since the actions of f/t,(0l„) and 'HiJ(r)y on il®^ are commute (see [HI Prop. 3.5.5 and 
Prop. 4.4.1]), there is an algebra homomorphism 

(2.2) (,r:U,Qn)^Sdn,r\ 

It was proved in [TH| Th. 3.8.1] that C,^ is surjective. Every ^^(n, r)„-module will be inflated into 
a [/t,(g[„)-module via Cr- 



BLOCKS OF AFFINE QUANTUM SCHUR ALGEBRAS 5 

3. Finite dimensional representation of CZu(0[„) and <SA(n,r)„ 

3.1. We first recall the classification of finite dimensional simple C/^(s[„)-modules of type 1. 
Let A = {g^ G C{u) I f{u),g{u) G C^, /(O) = ^(0) = 1} and let P(n) = A"-i. Then P(n) is 
a group under multiplication. For 1 ^ f ^ n — 1 and a € C* let 

(3.1) Ui^a = (1, . . . , 1, 1 - an, 1, . . . , 1) G P(n). 

Then P(n) is generated freely as an abelian group by the elements LOi^a, l^i^n — 1, aGC*. 
Let P"'"(n) be the monoid generated by 1 and the elements oji^a-, l^i^n — l,aGC*. 

For 1 ^ J ^ n — 1 and s G Z, define the elements =^j,s £ f^(sln) through the generating 
functions 

(3.2) ^f{n) ■■= exp f - ^ ^h,, ±i(w)±*) = ^ ^,,±.n±^ G U,{5Q[[u,u-% 

For (7(u) = ni<j<m(l ~ '^*^) ^ ^M with constant term 1 and Oj G C*, define 

(3.3) g^{u)= n (l-afin±i). 



l<i<m 



For P = (Piiu), . . .,Pn-iiu)) G P+(n), define P,-,, G C, for 1 ^ j ^ n - 1 and s G Z, by the 
following formula 



(3.4) P,±(n) = J;P,•±,n±^ 

where P- (u) is defined by ()3.3p . 

For P G P+(n) let I(P) be the left ideal of C/t,(s[„) generated by x+^, ^^^^ -P,-,s, and kj - f '^■'' , 
for 1 ^ j ^ n — 1 and s G Z, where fij = degPj{u), and define 

M(P) = C/,(^[„)/I(P). 

Then M(P) has a unique simple quotient, denoted by L(P). 
The following result is due to Chari-Pressley (see [21 [THl E] ) • 

Theorem 3.1. The modules L(P) with P G P~^{n) are all nonisomorphic finite dimensional 
simple Uy {sin) -modules of type 1. 

3.2. Based on Chari-Pressley's classification of finite dimensional simple C/t,(5[„)-modules, 
finite dimensional polynomial irreducible C/t,(g[„)-modules were classified in [21]. We now review 
the classification of irreducible polynomial representation of U^iQin)- Let 

(3.5) X(n) =A" = P(n + l). 



6 QIANG FU 

For 1 ^ i ^ n and a G C* let Aj „ G X(n) be the element whose ith entry is 1 — an and all other 
entries is 1. In other words, 

(3.6) A,,, = (1, . . . , 1, 1 - an, 1, . . . , 1) € X(n). 

(i) 

Then X(n) is generated freely as an abelian group by the elements Aj^, 1 ^ i ^ n, a € C*. Let 
Q(n) be the monoid generated by 1 and the elements Aj „, 1 ^ i ^ n, a € C*. Then by definition 
we have Q(n) = P'^{n + 1). 

Following |21) . an n-tuple of polynomials Q = {Qi{u), . . . ,Qn{u)) with constant terms 1 is 
called dominant if, for each 1 ^ i ^ n — 1, the ratio Qj(f*~^n)/(5j+i(f*'^^n) is a polynomial. Let 
Q"'"(n) be the set of dominant n-tuples of polynomials. 

Let Uy{gl^) be the subalgebra of Uy{QljJ generated by all x^ q and k- (1 ^ i ^ n — 1, 1 ^ 
j ^ n). A finite dimensional representation V of C/t,(gl„) is said to be of type 1 if 1/ = 0agZ"^A) 
where Vx = {^ ^ ^ I '^iW = v^^w, 1 ^ i ^ n}. Let 

wt(T/) = {A G Z" I Vx ^ 0}. 

If wt(y) C N" then V is called a polynomial representation of Uv^qI^). 

For 1 ^ i ^ n and s G Z, define the elements J2i^s £ U^iQ^n) through the generating functions 



(3.7) 



J2f{u) := exp f - ^ ^5. ^,(„^)±A = Y, ^i,±su^' e C/40[J[[n,n-i] 



A C/„(g[„)-module is said to be of type 1 if F is of type 1 as a C/„(g[„)-module. Let F be a 
finite dimensional [/t,(g[„)-module of type 1. Then V = ©AgN"yx- Since the elements k,, £2i^s 
(l^i^n,sGZ) commute among themselves, each Vx is a direct sum of generalized eigenspaces 
of the form 

^(A,7) = {x ^Vx\ {^i^s - li,sYx = for some p (1 ^ z ^ n, s G Z)}, 

where 7 = (71, s) with 7j_s G C. 

For Q = (Qi(n), . . . , Q„(n)) G Q(n), let 

degQ = (degQi(n),--- ,degQ„(n)) G N" 

and define Qi^g ^ C, for 1 ^ i ^ n and s G Z, by the following formula 

(3.8) Qf{u) = Y.Qi,±sU^\ 

where Q^ (n) is defined using p.3p . Given Q G Q(re), let 

Vq = {x G Vx I (<^«,s — Qi,sYx = for some |3 (1 ^ i ^ n, s G Z)}, 
where A = deg Q. 
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Following [21], let Tn be the category of all finite dimensional representations V of t/?;(0l„) such 
that the restriction oiY to \Jy(^%\^ is a polynomial representation of type 1, and V = ©QeQ(n)^Q- 
The objects of the category Fn are called polynomial representations of C/^,(0[„). 

For Q G Q+(n), let /(Q) be the left ideal of ?7i,(0l„) generated by x+ , ^i^s — Qi,s, and 
kj — v^*, for l^j^n — 1, l^i^n and s G Z, where Aj = deg(5j(n), and define 

M(Q) = C/„(0[J//(Q). 

Then M(Q) has a unique irreducible quotient, denoted by L{Q). 

Theorem 3.2 ([2I])' The modules L{Q,) with Q € Q^(n) are all nonisomorphic simple [/t,(g[„)- 
m,odules in the category Tn- Moreover, 

(3-9) L(Q)|^^(^^,^)-Z(P), 

where P = (Pi(u), . . . ,P„_i(u)) mi/i Pi{u) = Qi{v'~\)/Qi+i{v'+^u). 

3.3. Finally, we recall some results about affine quantum Schur algebras. Let Q~^{n,r) = 
{QGQ+(n)|Ei<i<ndegQ.(n)=r}. 

Theorem 3.3. \15\ Th. 4.6.8] For Q € Q+(n,r) i/ie Uy{Qin)-m.odule L(Q) can &e regarded as an 
SiJ(n,r)v -module via the map Cr defined in (j2.2j) . Furthermore, the set {i(Q) | Q G Q^(n, r)} 
is a complete set of nonisomorphic simple Si^{n, r)y-module. 

Lemma 3.4. Let V be a finite dimensional [/^(g[„)-modM/e of type 1 and let W be a submodule 
of V. If W, V/W G Tn then V e Tn- 

Proof. It is easy to see that dimV(;^,J,) = dimTy(;^,^) + dmi.{V/W)(^x,'Y) for each generalized 
eigenvalue (A, 7). In particular, we have dimVq = dimWq + di'ni{V/W)Q for Q G Q(n). 
This together with the fact that W,V/W G Tn, implies that dimy = dimM^ + dimlZ/iy = 
EQeQ{n)(dimWQ + dim{V/W)Q) = EqgQW^Q- I* follows that V = eQeQ(„)VQ and hence 
V £Tn. □ 

Combining Theorem 13.31 with Lemma 13.41 vields the following result. 
Corollary 3.5. Let V be a finite dimensional SiJ^n, r)y-module. Then V G Tn- 

4. The set H„_r. and the ^-weights of L{Q) 

4.1. Following [8, 3.3] we introduce the ^-simple roots of C4,(s[„) as follows. For 1 ^ i ^ n — 1 
and a G C* let 

where oji^a is defined in (j3.ip . The elements ai^a are called the ^-simple roots for [/^(s[„). 
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Recall from ()3.5p the definition of X(n). For 1 ^ i ^ n — 1 and a G C* let 

where Aj^q is defined in p.6p . Let R(n) be the subgroup of X(n) generated by the elements f3i^a 
(l^z^n — 1, oG C*). We call /3i,a the ^-simple roots of [/t,(g[„) and R(n) the ^-root lattice of 
UviQ^n)- Let R"^(n) be the monoid generated by 1 and the elements /3j^a (l^«^n — l,aG C*), 
and R-(n) = (R+(n))-i. 

The ^-simple roots of [/t,(g[„) and that of Uv{5ln) are related by a map k„, which we now 
describe. Clearly, we have 

Z[X(n)] = Z[Ag I 1 < i ^ n, a G C*], 

where Z[X(n)] is the group ring associated with X(n). There is a natural ring homomorphism 

K„ : Z[X{n)] -^ Z[P{n)] 

defined by sending Q = (Qi(n),--- ,Qniu)) to P = (Pi(n),--- ,P„_i(n)), where Pi{u) = 
Qi{v^~^u)/Qi+i{v'''^^u) for 1 ^ i ^ n — 1. By definition we have 

for 1 ^ i ^ n, where wo,b = Wn,fe = 1. It follows that 

for 1 ^ z ^ n — 1 and a G C*. 

4.2. For n ^ 2 and r G N let 

H„ = {QGX(n)/R(n)|QGQ+(n)}, 
(4.1) _ 

Sn,r = {Q G X(n)/R(n) | Q G Q+(n,r)}. 

We will prove in Theorem 16.81 that H^ is the index set of the blocks in the category J-n and H„^r 
is the index set of the blocks in the category of finite dimensional SfJ^ri, r)i,-modules. 

We are now prepared to describe the sets H„ and H„^r in Propostion l4. 21 below. For m ^ n — 1, 
let Xm be the subgroup of X(re) generated by Aj^q for 1 ^ i ^ m and a G C*. For m ^ s ^n—1 
let ym,s be the subgroup of X(n) generated by jii^a for m ^ i ^ s and a G C*. 

Lemma 4.1. For m^s^n — 1 u;e /iat;e <Ym (^ym,s = {1}; where 1 = (1, • • • ,1) is the identity 
element in X(n). 

Proof. Assume m + l^s^n — 1. Let x G A^m fi 3^m,s- Since 3^m,s = 3^m,s-i3^s,s, there exist 
y £ 3^m s-i, ai, • • • , aj G C* and /ci, • • • , /cj G Z such that 



X — y ' Ps,ai ' ' ' Ps,at ~ y ' ^s,ai ' ' ' ^s,at^s+l,ai ' ' ' A 



s+l,at ■ 
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Since y G 3^m,s-i Q -^s and x G X„i C X^ we conclude that 

This, together with the fact that X(n) is generated freely as an abelian group by the elements 
Ai,a (1 ^ i ^ ?T-, a G C*), implies that fcj = for 1 ^ i ^ i. It follows that 2; = y G 3^rra,s-i- This 
shows that ;fm n 3^m,s ^ '^m n 3^m,s-i for m + 1 ^ s < n - 1. Thus, Xm n 3^m,s ^ -^m n yra^m 
for m ^ s ^ n — 1. Furthermore, since X(n) is generated freely as an abelian group by the 
elements Aj^^) 1 ^ i ^ n, a G C*, we conclude that X^a n ym,m = {!}• Consequently, we have 
X^ n ym,s = {1} for m ^ s ^ n — 1. D 

Recah from §3 that A = {^ G C(n) | f{u),g{u) G €[«], /(O) = 5(0) = 1} and A is a group 
under multiplication. There is a natural group homomorphism 

(4.2) 1? : A ^ X(n)/R(n) 



defined by sending Q{u) to {Q{u), 1, • • • ,1). Let 

r = {Q{u) G C[u] I Q(0) = 1}, 
r, = {Q{u) G r I deg(Q(u)) = r}. 

Proposition 4.2. (^ij T/ie map i? defined in (|4.2p is a group isomorphism. Thus the group 



X(n)/R(n) zs a free abelian group and the set {Ai^a | a G C*} is a basis o/X(n)/R(n). 

(^^j We have ??(r) = H„ and 'diTr) = '^n,r for all r. 

(3) LetQ = {Qi{u),--- ,Qn{u)) G Q+(n,r) and Q' = {Q[{u),--- ,Q'r,{u)) G Q+(n,t). T/ien 
Q = Q' i/ and only if r = t and Hi^gi^nQiW = Di^i^n <3i('")- 



Proof. Since Aj^q = Aj+i^a for 1 ^ i ^ n — 1, the group X(n)/R(n) is generated by the elements 
Ai^a for a G C*. This implies that tD is surjective. Let Q{u) = (1 - aiu)'^'^ •••(!- atu)"^^ G ker t?, 



n] 



where Oj G C* and rrii G Z. Then by Lemma |0 we have A™^^ • • • A^*^ G ^fi n R( 

Xi nj^i^n^i = {1}. This implies that ttij = for all i and hence "d is injective. The assertion (1) 

follows. 

It is clear that '&iT) ^ H„ and "di^r) ^ H„^r for all r. On the other hand, for Q = 
(Qi(u),--- ,Q„(ti)) G Q+(n,r), let Q(u) = HisrisTn <3i('")- Then Q('u) G L^. For 1 < i < n, we 
write 

Qi{u) = JJ (l-a^u). 



where /cj = ^i<:s<ideg{Qi{u)) and /cq = 1- Since Ai^a = Aj^q for 1 ^ i ^ n we conclude that 

(4.3) Q= n az^= n ^^=^(^(^))^^(r'')' 



^i — 1 +l^'5^^i 



and hence the assertion (2) follows. The assertion (3) follows from (14. 3p and (1). D 
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4.3. For V G j;, let 

wt,{V) = {Q G Q(n) I Vq / 0}. 

The element Q in wiiiV) is called an ^-weight of V . We will prove in Corollary 14.41 that 
wt£(L(Q)) C QR-(n) for Q G Q+(n). 

Following [21] , for 1/ G /"n , the v-character of V is defined as follows 

ch(y) = ^ dimyQQGZ[Ai,a I 1 ^i ^n, aGC*] CZ[X(n)]. 
QeQ(n) 

For 1 ^ i ^ n and a G C*, define Qj^^ = {Qi{u),--- ,Qn{u)) G Q"''(n) by setting Qn{u) = 
(1 — af ""'+-'^n)'^''" and 

for 1 ^ j ^ n — 1. Then Q'^{n) is generated by the elements Qj^a (1 ^ i ^ n, a G C*) as a 
monoid. According to [211 (4.10)] we have 

(4-4) ch(L(Qi,a)) = ^ Aj-^^^„.-iAj2,„^i-3---Aj.,a«i-- 

For r ^ we set 

A(n,r) = {AgN" I ^ Ai = r}. 

Let A+(n, r) = {A G A(n,r) | Aj ^ Aj+i, 1 ^ i ^ n - 1}. For A,/i G A(n,r) write A < /x if 
X]j=i Aj < Y!j=i fJ-j for 1 ^ i ^ n. 

Lemma 4.3. For 1 ^ i ^ n and a G C* we have wt^(L(Qj_a)) C Qj,aR ('i-)- 

Proof. Let TW^ = {j = (ji, . . . , j^) g N" | 1 sC ji < • • • < ii ^ n}. For j G TWi and a G C* let 
where 

According to (|4.4|) . we have wt^(L(Qj^a)) = {Aj ^ [ j G Mi}. Thus we have to show that 
Aj,a € Qj,aR~("-) for j G Xj. For 1 ^ i ^ n let 

(4.5) e, = (0,--- ,0, 1,0,--- ,0)GA(n,l). 

For j; j' S -^i we write 

j ^ j' ^ ej, + ej2 + • • • + e^^ < e^-/ + e^-. + • • • + e^-/. 

Then (1, 2, • • • ,i,0, • • • ,0) ^ j for j G A^j. We proceed by induction on the ordering ^ on 
A4i. Clearly, we have A(i 2,---,i,o,---,o),a = Qi,a £ Qi,a^~{n). Assume now that j G Mi and 
j / (1, 2, • • • , i, 0, • • • ,0). Let A = Cj^ + ^j2 + ' ' ' + ^ji- Then A A+(n, i) and hence there 
exists 1 ^ A; ^ n — 1 such that ^ Afc < Xk+i ^1- It follows that A^ = and A^+i = 1. 
Since A = Sj^ + Sj^ + ' ' ' + ^ji &i^d A^+i = 1, there exists 1 ^ s ^ i such that jg = k + 1. Let 
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J' = (ji, • • • ,js-i,js - 1, Js+1, • • • Ji)- Since Aj^„, = 1 and Aj^_i = A^ = we have j^ - 1 / js^i- 
This together with the fact that js-i < js, impHes that js-i < js — 1- Consequently, j' € Mi. 
Let fi = Bji + Gji + • • • + Bji. Then /i = A + e^ — e^+i > A and hence j > j'. By induction we 
have Aj/^a S Qi,aR ('t-)- Furthermore we have 

Thus we conclude that Aj^ € Qj,aR (^)- The proof is completed. D 

Corollary 4.4. For Q G Q+(n) w;e have wt^(L(Q)) C QR-(n). 

Proof. According to the proof of [15i Prop. 4.6.7] we know that there exist 1 ^ ii, ■ ■ ■ ,ir ^ n and 
ai, • • • , Oj. G C* such that Q = Qji,ai • • • Qir,ar and L(Q) is a subquotient module of L(Qj^^aJ (g) 
L(Qi2,a2) <8> ••• (X) -^(Qv.a,.)- Thus by [211 Lem. 4.1] and US] we conclude that wt£(L(Q)) C 
wt£(L(Qi,,ai))wtK^(Qi2,a2))---wt£(L(Qi,,aJ) ^ Qi,,„, • • • Qi,,^^ R" (n) = QR-(n). D 

5. WeYL modules for AFFINE QUANTUM SCHUR ALGEBRAS 

5.1. For P G P+(n) let J(P) be the left ideal of [/^(s[„) generated by x+^, ^j^s-Pj,s, "kj-v^^, 
and (x~^)'^J+^ for 1 ^ J ^ n — 1 and s G Z, where /Ltj = deg(Pj(n)), ^j^s is defined in p.2p and 
Pj^s is defined using ([33]) • For P G P+(n) let 

W{P) = U,{5ln)/J{P). 

The modules W(P) are called Weyl modules for C4,(s[„). It was proved in [T3] that for each 
P G P+(n), T^(P) is a finite dimensional C/t,(s[„)-module of type 1. 

Theorem 5.1 ([8]). For P G P+(n) there exist 1 ^ ^i, ^2) ' ' ' > ^fc ^ n— 1 anc? ai, 02, ■ ■ ■ , a^ G C* 
swc/i i/iai W{P) = L(wii,ai) ® Z(a;i2,a2) "8) • • • (8> L{ijji^^ak)- 

5.2. For Q G Q+(n) let J(Q) be the left ideal of C/u(g[n) generated by xt , ^^ ,, — Qj .,, ^^ — y^i^ 
and (x~^)^J"'"^ for 1 ^ j ^ n — 1, 1 ^ i ^ n, and s G Z, where Aj = degQi{v), fj,j = Xj — Xj+i, 
£2i^s is defined in (j3.7p and Qi^s is defined using (j3.8p . For Q G Q"^(n) let 

w^(Q) = f/.(k)/^(Q)- 

The modules VF(Q) are called Weyl modules for [/^(gl^). 

A f7j,(0[„)-module V in J>^ is called an ^-highest weight module with ^-highest weight Q G 
Q+(n) if there exists a nonzero vector wq &V such that V = Uy[Q[j^)wQ and 

X^s^^O = 0, ^f{u)wo = Qf{u)wo, ^iWo = V^'Wq 

for 1 ^ j ^ n — 1, 1 ^ i ^ n and s G Z, where Aj = deg(Qi(M)), J2- (u) is defined in (|3.7p and 
Qj (ti) is defined by (j3.3p . The element wq is called the ^-highest weight vector of V. 
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Lemma 5.2. Any i-highest weight U^^qI^) -module in Tn is a quotient o/ VF(Q) for some Q G 
Q+(n). 

Proof. Let V be an ^-highest weight C/t,(gl„)-module in J>i with £- highest weight Q G Q^(n) 
and let wq be the ^-highest weight vector of V . Then by definition we have V = ^{;(bI„)wo a-nd 

^i^s'^o = 0, ^f{u)wQ = Qf{u)wQ, '^iWQ = v^'^wo 

for l^j^n — 1, l^i^n and s ^"L, where Aj = deg{Qi{u)). Since dimT/ < cxo, by pH", Lem. 
5.4] we conclude that {xj ^Y^'^^wq = for 1 ^ j ^ n — 1 and s € Z, where ^j = Xj — \j+i- It 
follows that J{Q)wo = and hence ^ is a quotient of W{Q). D 

5.3. We are now ready to extend Theorem lS.ll to the case of C/„(0l„). We need some prelim- 
inary lemmas. 

Lemma 5.3. Let V be an i-highest U^{qIj^) -weight module in Tn with i-highest weight Q and 
let wq be the i-highest weight vector ofV. Then V = Uv{5ln)wo. 

Proof. Let A = deg(Q) = {degQi{u), ■ ■ ■ ,degQn{u)). Then wq € Vx and dirnVx = 1- Since the 
elements z^ are central in [/„(g[„), we have zfwo G Vx. Thus, since dimVx = 1, there exists 
a±s € C such that zfwQ = a±sWo. This together with the fact that U^^gl^) is generated by 
Uy{5ln), kj and zf {1 ^ i ^ n, s ^ 1), implies that V = Uv{Qln)'^o = Uy{5ln)wo. D 

For a e C* let 

Deta = L(Q„ ,j„n-i). 

According to [15,1 Lem. 4.6.5] we have dimDet^ = 1 for a S C*. 

Lemma 5.4. Let a € C* and V be a Uv{qIj^) -module. Assume Deta = spanjwo}- Then 

x{w (X) uiq) = {xw) (8> Wq 
for X S U.u{5[n) and w (^w^ ^V (^ Det^. In particular we have {V ® Deta)|j^ ,-^ . = V\^ /jj .. 
Proof. It is clear that EiWQ = FiWQ = and kjWo = "Wq for all i. This together with ()2.ip implies 

that Ei{w ® Wq) = {EiW) Wq, Fi{w ® Wq) = (FiW) ^ Wq and kj(w (g) Wq) = {'k.iW) (8) Wq for 

1 ^ i ^ n. Therefore, since C/„(s[„) is generated by the elements -Ej, -Fj and k^ for 1 ^ i ^ n, 
we conclude that x{w<SiWq) = {xw)^wq for x E f/^(s[„) and w G V. The proof is completed. D 

Proposition 5.5. (1) For Q G Q+(n), we have W{Q)\^^^-^^^ ^ W(P) where P G P+(n) with 
Pi{u) = Qi{v'-^u)/Q,+i{v'+^u) forl^i^n-1. 

(2) For each Q G Q+(n), there exist 1 ^ ii, • • • ,4^ ^ n—1, ai, • • • ,0^ G C* andbi, ■ ■ ■ , 6^ G C* 
swc/i i/iai W{Q) = L{Qi^^ai) • • • ® L(Qi^,aJ (g) Detfe^ ® • • • Detj,,. 

("5; For Q G Q+(n) we have W{Q) G -F„. 
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Proof. There exists a natural C/„(s[„)-module honiomorphism 

(5.1) <^ : W{P) -^ W{q) 

defined by sending x + J(P) to x + J(Q) for x S Uy{5ln)- From Lemma 15.31 we see that 
W{Q) = Uy{5ln)l, where 1 = 1 + J(Q) € W{Q). This imphes that (p is surjective. By [13] we 
know that Ty(P) is finite dimensional. Thus dimTy(Q) < oo and 

(5.2) diml^(P) ^ dimP^(Q). 

To prove (1) it will therefore be enough to prove that dimVF(Q) ^ dimTy(P). 

According to Theorem 15.11 and (|3.9p . there exist 1 ^ «i, ^2, • ■ ■ > ^fc ^ n — 1 and oi, a2, ■ ■ ■ i Ofc £ 
C* such that 

(5.3) W{P) ^ L{u,,^a,) ®---® ^^^„a,) = (^(Qn.aJ ® ' ' ' ® L(Q,,,,J) j^^^j-,^). 

Let A = degQ = {degQi{u), ■ ■ ■ ,degQn{u)). Write Qn{u) = (1 — biu) • • • (1 — biu) where / = 

An = degiQniu)). Since P = Wj^^ai ■ ■ • UJi^,ak we have Q = Qi^^ai ■ ■ ■ Q,i^,akQ.nMv"-'^ ' ' ' Q.nMv"-'^- 

Let 

V = L(Qii,ai) • • • ® LiQi^^a^) «) Detfc, ® • • • O Detfc, . 

Then dimVx = 1. Let Wg (resp., mt) be an ^-highest weight vector of L(Qj^^a^) (resp., Det^J. 
Let wq = wi ^ • • • ^ Wk and mo = mi (8) • • • ^ m,/ . From Lemma 15.41 and (|5.3p we see that 

(5-4) ^la.(a„) = W{P) 

It follows that J(P){wo ® mo) = 0. Furthermore by [2T| Lem. 4.1] we have J2- {u){wo CS mo) = 
Q' {u)wo and ^i{wo CS mo) = v^'^wq mo for 1 ^ i ^ n. Thus there exists a C/„(g[„)-module 
homomorphism 

ipiWiQ) ^V 

defined by sending xl to x(wo <8> m-o) for x G f7t,(gl„), where 1 = 1 + J(Q) G VF(Q). According 
to (|5.3p we have -Zv(Qii,ai) ® • • • (8'L(Qjj.^afe) = C4'(sfn)^o- This together with Lemma EH] implies 
that 

V D Uy{Ql^){wo (8) mo) 2 Uy{5ln)iwo mo) = {(xi(;o) mo | x e C/t,(sl„)} = V. 

It follows that V = Uy{glj^){'Wo ® m-o) and hence ip is surjective. Therefore by (|5.2p . (|5.3p and 
we have 



dimW(Q) ^ dimy = diml^(P) ^ dimVF(Q). 

Thus, the maps ip, ip are all isomorphisms. The assertion (1) and (2) follows. The assertion (3) 
follows from (2) and |2H Lem. 4.3]. The proof is completed. D 
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5.4. We will prove in Corollary 15 . 81 that the L'„(g[„)-module W{Q) is also an 5A(n, r)t,-module 
for Q G Q+(n,r). The 5/x("'; ^)D-™odules W{Q) with Q G Q+(n, r) will be called Weyl modules 
for S^{n,r)^. 

According to Theorem 13.31 and [15.", Lem. 4.6.6] we have the following result. 

Lemma 5.6. Let Qj G Q+(n, rj) (1 ^ i ^ t). Then .^(Qi) ® ■ ■ ■ (^ -^(Qi) can he regarded as an 
Si^{n,r)y -module via the map Cr defined in (12. 2j) . where r = ri + • • • + r^. 

Combining Theorem 13.31 with |151 (4.6.0.1) and Cor. 4.6.2] gives the following result. 

Lemma 5.7. For Q G Q+(n,r) there exist ai, • • • ,0,- G C* such that L{Q) is a quotient of 

i(Ql,ai)0---®i(Ql,aJ. 

Corollary 5.8. Let Q G Q^{n,r). Then the Uy^Ql^) -module W{Q) can be regarded as an 
Si^{n,r)y -module via the map C,r defined in (j2.2p . Furthermore, there exist ai, • • • , Or G C* such 
that TV(Q) is a quotient of L{Qi^ai) ^ ■■■ ® ^(Qi.ar)- 

Proof. According to Proposition [53^2) and Lemma 15.71 we conclude that there exist ai, • • • ,0,.' 
such that W{Q) is a quotient of L(Qi a^) • • • (8 -^(Qi,a,/)- We have to show that r = r'. From 
Lemma [STHl we see that L(Qi^aJ ® • • • ®-^(Qi,a^,) is an 5A(n, r')^,-module. It implies that VF(Q) 
is also an ^^(n, r')^-module. This, together with the fact that Cr'O^i • • • ^n) = v'^ shows that 

t;'" Wo = Cr'(kl • • • ^n)wo = ki • • • k„Wo = V^^^"'^^"UJo 

where wq is the ^-highest weight vector of M^(Q) and Aj = degQi{u). Therefore r' = Ai + • • • + 
An = r. D 

5.5. We now use Proposition 15.51 to prove the following generalization of Corollarv 14. 4[ 

Proposition 5.9. Let V G J-n be an i-highest weight Uv{qI^) -module with i-highest weight 
Q G Q+(n). Then wt<.(y) C QR-(n). 

Proof. According to [21] Lem. 4.1], Lemma 14.31 and Proposition 15.5( 2) we have wt^(PF(Q)) C 
QR~(n). Thus by Lemma 15.21 we conclude that wt^(y) C QR^(n). D 

6. Blocks of f/t,(g[„) and Sis,{n,r)y 

6.1. Let us recall the definition of blocks of an abelian category as follows (see [20)). Let C 
be an abelian category, in which every object has finite length. Say that two indecomposable 
objects Xi , X2 of C are linked if there do not exist abelian subcategories C^ (1 ^ A; ^ 2) such that 
C = Ci (B C2 with Xi G Ci, X2 G C2. Then linking is an equivalence relation. Let / be the set of 
equivalence classes of linked indecomposable objects in C. For a G / let Ca be the subcategory 
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of C, consisting of direct sums of indecomposable objects from a. Then C = (Ba&iCa- The 
subcategories Ca are called the blocks of C. 

For Q E Q^(n) the element xq := Q € X(n)/R(n) is called the elliptic character of L(Q). 
A CZu(g[„)-module V in Tn is said to have elliptic character x G X(n)/R(n) if every irreducible 
composition factor of V has elliptic character x- Let Tn,x be the subcategory of -F„ consisting 
of C/t,(0[„)-modules in Tn with elliptic character x- 

Let J-'n,r be the category of finite dimensional S/s,{n, r)t,-modules. According to Corollary 13.51 
we know that Tn,r is a subcategory of Tn- Let J'^n,r,x be the subcategory of Tn,r consisting of 
finite dimensional S^{n, r)i,-modules with elliptic character x- 

6.2. Proposition 16.31 and Proposition 16.71 are the key to the proof of Theorem 16.81 To prove 
Proposition 16.31 we need the following two lemmas. 

Lemma 6.1. (1) For Q € Q+(n,r), W{Q) G -^„^.,^q. 
(2) We have T^,^^ ® T^^xi ^ •>^n,xiX2 ■ 

Proof. According to Corollarv 15.81 we have VF(Q) G Tn,r for Q G Q+(n,r). If -L(Q') is 
a composition factor of VF(Q), then by Proposition 15. 9t we have Q' G QR^(n). This im- 
plies that Q = Q'. The assertion (1) follows. To prove (2), it is enough to prove that 
-L(Qi) (8) L(Q2) G ^nQ~W ^^'^ Qi)Q2 G Q^(?T-)- Suppose that L(Q) is a composition fac- 
tor of L(Qi) 18) L(Q2). Then by [21, Lem. 4.1] and Proposition 15.91 we conclude that 
wt£(L(Q)) C wt£(L(Qi))wt£(L(Q2)) C QiQ2R"(n). Thus Q = QT • 02- The assertion (2) 
follows. D 

We define an algebra anti- automorphism r : ?7u(3[„) — )• C/^,(0[„) by 

for 1 ^ J ^ n — 1, sGZ, l^i^n and t G Z\{0}. Given a finite dimensional left C4,(3[„)-module 
y, we write V° for the dual space Homc(V^,C) regarded as a left f7t,(gl„)-module via the action 
(/i/)(x) = /(t(/i)x), for h G ?7^(s[„), / G Homc(l^,C) and x G F. Since r(kf^) = kf^ and 
T^gi^t) = gi,t) we have ch(l/) = ch(y°). This implies that 

(6.1) L(Q)°^L(Q) 

for Q G Q+(n). For Mi, M2 G Tn we have 



Thus 



for Q,Q'GQ+(n). 



Ext^" (Mi,M2) = Ext^^ (M2°,M{'). 



Ext^ (L(Q),L(Q')) -Ext^ (L(Q'),L(Q)) 
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Lemma 6.2. (1) Let W G Tn,x and Qo G Q+(n) with x + Qo- Then Ext^^ (iy,L(Qo)) = 0. 
f^j Assume that Vi ^ Tn-ya i = 1,2 and that xi ¥^ X2- Then Ext^ {Vi, V2) = 0. 

Proof. Let i{W) be the length of W. To prove (1), we proceed by induction on £{W). Suppose 
first that £{W) = 1. Then W = L{Q,) for some Q G Q"'"(n). Consider a short exact sequence 

(6.2) ^ LiQo) ^ V ^ LiQ) ^ 0. 

We have to show that the short exact sequence is spht. Let A = degQ and /i = degQo- Then 
one of the following hold, 
(i) A < /i, or 
(ii) X-^fi. 
From ()6.ip we see that the short exact sequence ()6.2p yields a short exact sequence 

-^ L(Q)^y°^L(Qo) -^ 0. 

Thus we may assume that A ^ /i without loss of generality. For 1 ^ i ^ n — 1 let aj = Cj — Cj+i, 
where Cj is defined in (I4.5p . Since X ^ fi and L{Qq) = (Bu<fML{Q,o)u we have L(Qo)A+a, = for 
1 ^ i ^ n — 1. This implies that dimVx+ai — dimL(Q)A+a, + dimL(Qo)A+a, = and hence 

(6.3) x+ y, = 

for 1 ^ i ^ n — 1 and s G Z. Since the elements =Si^s (1 ^ i ^ n, s G Z) commute among 
themselves, there exists an element 7^ w G Vq C Vx such that 

for 1 ^ i ^ n and s G Z. This, together with Lemma 15.21 and (j6.3p . implies that [/u(0[„)u; is a 
quotient of W{Q). It follows from Lemma [6T] that C/t,(g[„)w G J^nQ- Thus, since Q ^ Qo, we 
have /(L(Qo)) ^ Uy{Ql:^)w. This implies that /(L(Qo)) n [/^.(gl^)^ = 0. Therefore, we have 

V = /(L(Qo)) e U.iQlJw. 

This shows that the short exact sequence (j6.2p is split. 

Now we assume that i{W) > 1. Let Wi be a proper nontrivial submodule of W and let W2 = 

yWi. Then by inductic 
the short exact sequence 



W/Wi. Then by induction we have Ext^: {Wi,L{Qo)) = Ext^^ (W2,L(Qo)) = 0. Furthermore 



O^T^i — >W ^W2^0 
yields a short exact sequence 

Exfi^ {W2,L{Qo))^Exe^ {W,L{Qo))^Exe^ (H^i,L(Qo)). 

•JTL ■Jn ■Jn 

Thus Ext^ (1^, L(Qo)) = 0. The assertion (1) follows. The assertion (2) is proved similarly by 

•In 

induction on iiy^)- □ 
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Proposition 6.3. Let V he an indecomposable Uv{q[j^) -module in Tn- Then ^ £ -^^ q for some 
QeQ+(n). 

Proof. The proof is similar to tliat of [8, Th. 8.3(i)]. We proceed by induction on 1{V). If 
i{V) = 1 then V = L{Q) for some Q G Q+(n). By definition we have V G -^„q- Now we 
assume i{V) > 1. Let L{Qq) be an irreducible submodule of V and let W = V/L{Qq). Write 
W = ©isgj^sWj-, where Wj is indecomposable for all j. By induction, for each 1 ^ j ^ r, 
there exist Xj ^ X(n)/R(n) such that Wj G ^n,xj- We have to show that Qo = Xj for all 
1 ^ i ^ s. If this is not true, then there exists jo such that Xjo t^ Qo- By Lemma 16.21 we have 
Ext- (VF, L(Qo)) — Ext- (©j-^joW,-, L(Qo)). It follows that there exist a short exact sequence 
— > i^(Qo) — > y — 7- (BjjtjoWj ^ in Ext - (©,y,QVFj, L(Qo)) such that the short exact sequence 
-^ L(Qo) -^V^W^Ois equivalent to the short exact sequence -^ L{Qo) -^ V' @ Wj^ -)■ 
(Bjj^jqWj © WjQ — )• 0. In particular, we have V = V' Q Wjg, which is a contradiction. Thus 
Qo = Xj for ah j and V G J^n,QE- ^ 

6.3. Before proving Proposition 16.71 we need several preliminary lemmas. According to 
[21 m [38] we have the following result. 

Lemma 6.4. Let 1 ^ ii, • • • , v ^ n, oi, • • • ,0^ G C*. T/ien i/iere exist a permutation cr G 6^ 
suc/i that i'(Qii,a^(i)) © ■ ■ ■ © -^(Qv,aa{r)) ^"^ cycUc on the tensor product of the l-highest weight 
vectors. 

Lemma 6.5. Let V-i & Fn (I ^ i ^ r). Then Vi © • • • © V^ CLnd ^^(i) © ■ ■ ■ © V^^f^j.-^ have the same 
composition factors for all o" G ©r • 

Proof. Let RepUv^gl^) be the Grothendieck ring of the category j^„. For X G J-'n we write [X] 
for the class of X in Rep C/t,(0[„). According to |2H Lem. 4.5] we know that RepC/t,(0[„) is 
a commutative ring. It follows that for any o" G (3^ we have [Vi © ■ ■ ■ © I4-] = [^i] ■ ■ ■ [K'] = 
[Kr(i) © • • • K-(r)]- The assertion follows. D 

For Vi, V2 G Tn, we write Vi ~„. V2 if Vi and V2 belong to the same block of the category Fn- 
Similarly, for Vi, V2 G Tn,r, we write Vi ^n,r ^2 if ^1 and V2 belong to the same block of the 
category J-'„,,r- For a G C* let Lq = L(Qi_a). 

Lemma 6.6. Lei oi, • • • ,0^ G C* and let a be an element in the Symmetric group ©,.- Then 

-Z^ai © • • • © La, ~„ La_^(^^ © • • • © La^j^j and Lai © • • • © -^1, '~-n,r La^^^^ © • • • © La^(,) • 

Proof. According to Lemma |5.6| for any cr G S^j Ta^ © • • • © La^,. can be regarded as an 
5/^(n, r)j,-module via (r- Thus by Lemma [6.4t we conclude that there exist a permutation vr G ©r 
such that La^,-^. © • • • La^,. is an indecomposable ^^(n, r)t,-module. Now the assertion follows 
from Lemma |6.5[ D 
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Proposition 6.7. Let Q € Q+(n,r) and Q' G Q+(n,i). Assume that Q = Q'. T/ien r = t, 
L(Q) ~„ L(Q') and L(Q) -„,, L(Q'). 

Proof. By Lemma |5.7^ Lemma 16.41 and Lemma 16.51 we conclude that there exist ai, • • • ,0,- € C* 
such that L(Q) is the composition factor of Lq^ (g)- • -^La^ and L^^ (g)- • -(^La^ is indecomposable. 
Similarly, we choose &i, • • • , 6^ G C* such that -^(Q') is the composition factor of Lf,^ ® ■ ■ ■ ® Li,^ 
and Lfjj ® • • • (g L^j is indecomposable. From Proposition 16.31 we see that 



Ai,ai • • • Ai,a, = Q = Q' = Ai,b, • • • Ai^bf 

It follows from Proposition I4.2l fl) that r = t and there exists a G Gy such that (6i, • • • ,hr) = 
(^o-(i)) ■ ■ ■ ;flCT(r))- Now the assertion follows from Lemma |6.6[ D 

6.4. Recall from (j4.ip the definition of r.^ and H^^^. We are now prepared to prove the main 
result of this paper. 

Theorem 6.8. We have 

■J n — \\J 'T'lX' "'i'" — yjy -' "A'lX" 

XG-n XG-n,r 

Furthermore each J-n,x ^■s ^ &^oc^ of J-n for x G Sn o'l-c^ eac/i J~n,r,x ^^ ^ block of J-n,r for x ^ '^n,r- 

Proof. From Proposition 16.31 and [7, Lem. 2.5] we see that each block of J-n is contained in 
J'n,x ^^^ some X ^ ^n. and each block of Fn.r is contained in J'n,r,x ^^^^ some x ^ '^n,r- Now the 
assertion follows from Proposition 16.71 D 

Combining Proposition 14.21 with Theorem 16.81 yields the following result. 

Theorem 6.9. Let Q = (Qi(u),--- ,Qn{u)) G Q+(n,r) and Q' = {Q'^{u),--- ,Qn{u)) G 
Q+(n,t). Then the following are equivalent: 

(i) L(Q),L(Q') belong to the same block of Tnj 

(a) r = t, and L(Q),L(Q') belong to the same block of J-n,r! 

(Hi) Q = Q'; 

(iv) r = t and Ul^i<inQii'^) = Ul^^<in Qii"^) ■ 

7. Blocks of affine Hecke algebras 

7.1. The blocks of extended afhne Hecke algebras of type A are known (see |33t Th. 7], 
O III. 9] and [32^ Th. 2.15]). We will use Theorem 16.91 to give a different approach to the 
classification of the blocks for the affine Hecke algebra T-LiJj')^. 

A segment s with center a G C* is by definition an ordered sequence 

s = {av-^+^,av'''+'^, ..., av''-^) G (C*)^ 
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Here k is called the length of the segment, denoted by |s|. If s = {si, . . . ,Sp} is an unordered 
collection of segments, let |s| = |si| + . . . + [sp|. We also call |s| the length of s. Let J^,. be the 
set of unordered collections of segments s with |s[ = r. 

If w = Si^Si^ ■ ■ ■ Si^ € &r is reduced let T^ = Ti-^Ti^ ■ ■ ■ Tj^. Let T-l{r)^ be the subalgebra of 
'HiJ(r)y generated by Tj for 1 ^ i ^ r — 1. For /x G A(p, r) let S^ be the corresponding standard 
Young subgroup of Gr and let y^ = ^^gg {—v'^)^^^'^^Tw G 'H{r)y. Then, 

u\-r,uf>X 

where Ei, is the left cell module defined by the Kazhdan-Lusztig's C-basis [30] associated with 
the left cell containing wq^i, and wo,^ is the longest element in (3^. 
For b= {bi,...,br) G {C*Y, let 

Mb = MryjJb, 

where Jb is the left ideal of ?^a(^)d generated by Xj — bj for 1 ^ j ^ r. Given /x = (^ui, • • • , /ip) G 
A(p, r) and a = (ai, • • • ,ap) G (C*)^ with /ij ^ 1 for all i, let b = (si, ■ ■ ■ ,Sp) G (C*)*^, where 
Si = {aiV^'^'^^,aiV~'^'~^'^, ... , aivf^'"^). Let 

Itj.,a = 'Htir)^y^ C Mb 

where y^ = yf_i + J-^ ^ Mb- Note that I^a is isomorphic to 'H{r)yy^ as an ?^(r)j,-module. 

Given s = {si,...,Sp} G ^r with Sj = (ajf"^'+^ ajU"^'+3, . . . , Ojv'^'"^) G (C*)'^', let // = 
{Hi, • • • , //p) G A{p, r) and let a = (ai, • • • , Op) G (C*)^. Let V"s be the unique composition factor 
of the ?^A(^)«;-™odule I^^a such that the multiplicity of E^ in Vg as an ?^(r)^-module is nonzero. 
The following classification theorem is due to Zelevinsky [39j and Rogawski [35j . 

Theorem 7.1. The modules Vg with s G J^r a^e all nonisomorphic finite dimensional irreducible 
'HiJ\r)v -modules. 

7.2. The T-LiJ^r). u-uiodnles Ifj,^a and the Weyl modules Ty(Q) for the affine quantum Schur 
algebra S/^{n, r)^ can be related by a functor F, which we now describe. Recall from §6 that 
Tn,r is the category of finite dimensional 5A(n, r)^-modules. Let Cr be the category of finite 
dimensional 'H/^{r) ^-modules. Using the ^aI'^j ^)^-^A(^)D-bimodule 0,f^, we define a functor 

If n ^ r then the functor F is an equivalence of categories (see [12^ Th. 4.2] and \15\ Th. 4.1.3]). 
According to [22, Prop. 4.6] we have the following results. 

Lemma 7.2. Let /i = (/ii,--- , fXp) G A(p, r) and a = (ai,--- ,ap) G (C*)^ with /ij ^ 1 for all 
i. Then F(/^.a) is isomorphic to L(Q^^.a^) (^ ■ ■ ■ L{Q^ ^a ) if l^i ^ n for all i, and it is zero, 
otherwise. 
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Combining Proposition 15.51 with Lemma 17.21 yields the following result. 

Corollary 7.3. For Q G Q'^(n, r) there exist 1 ^ fii,- ■ ■ , ^p ^ n and ai, ■ ■ ■ , Op € C* such that 
W{Q) = fil^,a), where fi = (/Ui,--- , fip) and a = (oi,- • • ,ap). 

7.3. Assume n > r. For s = {si, . . . , Sp} S J^r with 

Si = {aiV-'''-^\aiV->'^+\...,aiv'''-') e {C*r% 

define 

(7.1) Qs = (Qi(n),...,gn(n)) 
by setting recursively 

{1, if i = n; 

Pi{uv-'^+^)P^+l{uv-'^+^) ■ ■ ■ P„_i(nt>"-2^), if n - 1 ^ i ^ 1, 
where Pi{u) = Y\i^]^p (1 — aju). 
Given s = {si, . . . , Sp} € ^r, let 

(7.2) a(s) = (si,...,Sp)e(C*)'^ 

be the r-tuple obtained by juxtaposing the segments in s. The symmetric group &r acts on the 
set (C*)'" by place permutation: 

hw = {hyj{i), ■ ■ ■ ,b«,(r)), for b = (6i, • • • ,br) G {C*Y and w € 6r- 

Theorem 7.4. Let s,s' E =5^r- Then Vs and Vg' belong to the same block of Cr if and only if 
there exists some a G <3r such that a{s)a = a(s'), where a(s) and a(s') are defined using (17. 2p . 

Proof. Assume s = {si, S2, • • • , s^} and s' = {s'^^, S2, • ■ ■ > s^} with 

Choose n such that n > r. Then by |151 4.4.2] we conclude that Vg and Vg' belong to the 
same block of Cr if and only if i(Qs) and L(Qs') belong to the same block of J-n,r, where 
Qs = iQi{u), ■ ■ ■ ,Qn{u)) and Qs' = {Q'i{u), ■ ■ ■ ,Q'^{u)) are defined using (17. ip . Furthermore, 
if we write a(s) = (61, ■ ■ ■ , 6r) and a(s') = (6'^, • • • , 6^), then 

n Q*w = n (1 - <^^uv^"^-^'') = n (1 - ^«^)' 

n Q»= n (i-av^-'~^^)= n (i-m- 

Thus by Theorem 16.91 we conclude that Vg and Vgi belong to the same block of Cr if and only if 
there exists some a € ©^ such that (6'i, • • • , 6^) = {^a(i)-, ' ' ' ■, ^(j{r))- The proof is completed. D 



blocks of affine quantum schur algebras 21 

References 

[1] S. Ariki, Cyclotomic q-Schur algebras as quotients of quantum algebras, J. Reine Angew. Math. 513 (1999), 

53-69. 
[2] S. Ariki, T. Terasoma, and H. Yamada, Schur-Weyl reciprocity for the Hecke algebra of (Z/rZ) ; (S,i, J. 

Algebra 178 (1995), 374-390. 
[3] T. Akasaka and M. Kashiwara, Finite- dimensional representations of quantum affine algebras. Publ. Res. 

Inst. Math. Sci. 33 (1997), 839-867. 
[4] J. Beck, Braid group action and quantum affine algebras, Comm. Math. Phys. 165 (1994), 655-568. 
[5] K.A. Brown and K.R. Goodearl, Lectures on Algebraic Quantum Groups, Adv. Courses Math. CRM 

Barcelona, Birkhauser Verlag, Basel, 2002. 
[6] V. Chari, Vyjayanthi, Braid group actions and tensor products. Int. Math. Res. Not. 2002, 357-382. 
[7] V. Chari and A. A. Moura, Spectral characters of finite- dimensional representations of affine algebras, J. 

Algebra 279 (2004), 820-839. 
[8] V. Chari and A. A. Moura, Characters and blocks for finite- dimensional representations of quantum affine 

algebras, Int. Math. Res. Not. 2005, no. 5, 257-298. 
[9] V. Chari and A. Pressley, Quantum affine algebras, Comm. Math. Phys. 142 (1991), 261-283. 
[10] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge University Press, Cambridge, 1994. 
[11] V. Chari and A. Pressley, Quantum affine algebras and their representations. Representations of groups 

(BanfT, AB, 1994), 59-78, CMS Conf. Proc, 16, Amer. Math. Soc., Providence, RI, 1995. 
[12] V. Chari and A. Pressley, Quantum affine algebras and affine Hecke algebras. Pacific J. Math. 174 (1996), 

295-326. 
[13] V. Chari and A. Pressley, Weyl modules for classical and quantum affine algebras, Represent. Theory 5 

(2001), 191-223. 
[14] A. Cox, The blocks of the q -Schur algebra, J. Algebra 207 (1998), 306-325. 
[15] B.B. Deng, J. Du and Q. Fu, A double Hall algebra approach to affine quantum Schur-Weyl theory, London 

Mathematical Society Lecture Note Series, 401, Cambridge University Press, 2012. 
[16] R. Dipper and G. James, The q-Schur algebra, Proc. London Math. Soc. 59 (1989), 23-50. 
[17] S. Donkin, On Schur algebras and related algebras IV. The blocks of the Schur algebras, J. Algebra 168 1994, 

400-429. 
[18] J. Du, A note on the quantized Weyl reciprocity at roots of unity, Alg. CoUoq. 2 (1995), 363-372. 
[19] J. Du, B. Parshall and L. Scott, Quantum Weyl reciprocity and tilting modules, Commun. Math. Phys. 195 

(1998), 321-352. 
[20] P. Etingof and A. A. Moura, Elliptic central characters and blocks of finite dimensional representations of 

quantum affine algebras. Represent. Theory 7 (2003), 346-373. 
[21] E. Frenkel and E. Mukhin, The Hopf algebra Rep UqQ.^), Sel. math.. New Ser. 8 (2002), 537-635. 
[22] Q. Fu, Affine quantum Schur algebras and affine Hecke algebras, preprint, larXiv:1205. 07081 
[23] Q. Fu, Integral affine Schur-Weyl reciprocity, preprint. larXiv:1205.2030l 
[24] V. Ginzburg and E. Vasserot, Langlands reciprocity for affine quantum groups of type An, Internat. Math. 

Res. Notices 1993, 67-85. 
[25] R. M. Green, The affine q-Schur algebra, J. Algebra 215 (1999), 379-411. 

[26] J. Hu, Schur-Weyl reciprocity between quantum groups and Hecke algebras of type G{r,l,n). Math. Z. 238 
(2001), 505-521. 



22 QIANG FU 

[27] A. Hubery, Three presentations of the Hopf algebra W„(gl^), preprint, 2009. 

[28] J. Jantzen, Lectures on quantum groups, Graduate Studies in Mathematics 6, 1996. 

[29] M. Jimbo, A q-analogue ofU{Ql{N + 1)), Hecke algebras, and the YangCBaxter equation, Lett. Math. Phy. 

11(1986), 247-252. 
[30] D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke Algebras, Invent. Math. 53 (1979), 

165-184. 
[31] G. Lusztig, Aperiodicity in quantum affine gl„, Asian J. Math. 3 (1999), 147-177. 
[32] S. Lyle and A. Mathas, Blocks of cyclotomic Hecke algebras. Adv. Math. 216 (2007), 854-878. 
[33] B.J. Miiller, Localization in non-commutative Noetherian rings, Canad. J. Math. 28 (1976) 600-610. 
[34] G. Pouchin, A geometric Schur-Weyl duality for quotients of affine Hecke algebras, J. Algebra 321 (2009), 

230-247. 
[35] J. D. Rogawski, On modules over the Hecke algebra of a p-adic group. Invent. Math. 79 (1985), 443-465. 
[36] M. Sakamoto, T. Shoji, Schur-Weyl reciprocity for Ariki-Koike algebras, J. Algebra 221 (1999) 293-314. 
[37] M. Varagnolo and E. Vasserot, On the decomposition matrices of the quantized Schur algebra, Duke Math. J. 

100 (1999), 267-297. 
[38] M. Varagnolo and E. Vasserot, Standard modules of quantum affine algebras. Duke Math. J. Ill (2002), 

509-533. 
[39] A. V. Zelevinsky, Induced representations of reductive p-adic groups //. On irreducible represnetations of 

GL^, Ann. Sci. Ec. Norm. Sup. 4*= Ser. 13 (1980), 165-210. 

Department of Mathematics, Tongji University, Shanghai, 200092, China. 
E-mail address: q.fu@tongji.edu.cn 



